In this paper, the linear flutter characteristics of laminated composite flat panels immersed in a supersonic flow is investigated using field consistent elements within the framework of unified formulation. The influence of the aerodynamic damping on the supersonic flutter characteristics of flat composite panels is also investigated. The aerodynamic force is evaluated using two-dimensional static aerodynamic approximation for high supersonic flow. Numerical results are presented for laminated composites that bring out the influence of the flow angle, the boundary conditions, the plate thickness and the plate aspect ratio on the flutter characteristics.
Introduction
Engineered materials, such as the laminated composites are extensively used in various engineering disciplines such as in the aerospace engineering, automotive engineering and civil engineering. The laminated composite structures are often made of several orthotropic layers with different materials stacked together to achieve desired properties. Such a construction provides flexibility in tailoring the properties of the structures by varying the stack up sequence or by changing the fiber orientation in the lamina. In practice, the use of these materials in aerospace industries has necessitated to understand the dynamic characteristics of laminated structures, especially when exposed to air flow. The phenomenon called 'panel flutter' involves the interaction of panel inertia force, the elastic restoring force, the thermal force and the air stream which passes over one side of the panel. This study is important in aerospace structural design in evaluating the fatigue life and allowable stress of the structural component exposed to supersonic flow. This has attracted researchers [1, 2] to study the flutter characteristics of composite panels. Sawyer [3] using classical lamination theory studied the flutter characteristics of laminated plates. Srinivasan and Babu [4] examined the flutter of laminated quadrilateral plates. Liao and Sun [5] investigated the supersonic flutter behaviour of stiffened composite skew plates using a degenerated shell element. Pidaparti and Chang [6] investigated the flutter characteristics of skewed and cracked composite panels. However, all these investigations neglected the effect of damping. Singha and Ganapathi [1] studied the flutter characteristics of skew composite plates by considering damping and thermo-mechanical loads using a shear deformable high precision 4-noded quadrilateral element. In describing the plate kinematics, several laminate plate theories have been applied for the analysis of composite plates, such as the classical laminated plate theory (CLPT) [7] , first order shear deformation theory (FSDT) [8] and other higher-order shear deformation theories (HSDTs) [9, 10, 11, 12] . Recently Carrera [13] derived a series of axiomatic approaches, coined as Carrera Unified Formulation [14] for the general description of two-dimensional formulations for multilayered plates and shells. With this unified formulation, it is possible to implement in a single software a series of hierarchical formulations, thus affording a systematic assessment of different theories ranging from simple equivalent single layer models up to higher order layerwise descriptions. The plate structures are analyzed by employing a numerical technique. One such powerful and versatile technique is the finite element method. The CUF has been used to develop discrete models such as the finite element method [14, 15] and, more recently, meshless methods based upon collocation with radial basis functions [16] .
Objective. In this paper, a C o 4-noded quadrilateral shear flexible element is employed to study the free vibration and flutter characteristics of laminated composite plates immersed in a supersonic flow. The plate kinematics is based on Carrera Unified Formulation (CUF) and a hybrid displacement assumption is used for the in-plane and the transverse displacements. The shear locking is alleviated by employing a field consistent approach. The influence of the flow angle, the plate thickness, the plate aspect ratio, the boundary conditions and damping on the critical aerodynamic pressure is numerically studied.
Outline. The paper commences with a brief discussion on the unified formulation for plates and the finite element discretization. Section 3 describes the element employed for this study. The efficiency of the present formulation, numerical results and parametric studies are presented in Section 4, followed by concluding remarks in the last section.
Carrera Unified Formulation

Basis of CUF
Let us consider a laminated plate composed of perfectly bonded layers with coordinates x, y along the in-plane directions and z along the thickness direction of the whole plate, while z k is the thickness of the k th layer. The CUF is a useful tool to implement a large number of two-dimensional models with the description at the layer level as the starting point. By following the axiomatic modelling approach, the displacements u(x, y, z) = (u(x, y, z), v(x, y, z), w(x, y, z)) are written according to the general expansion as:
where F(z) are known functions to model the thickness distribution of the unknowns, N is the order of the expansion assumed for the through-thickness behaviour. By varying the free parameter N, a hierarchical series of two-dimensional models can be obtained. The strains are related to the displacement field via the geometrical relations:
where the subscript G indicate the geometrical equations, D p , D np and D nz are differential operators given by:
The 3D constitutive equations are given as:
with
where the subscript C indicate the constitutive equations. The Principle of Virtual Displacements (PVD) in case of multilayered plate subjected to mechanical loads is written as:
where ρ k is the mass density of the k th layer, Ω k , A k are the integration domain in the (x, y) and the z direction, respectively. Upon substituting the geometric relations (Equation (2)), the constitutive relations (Equation (4)) and the unified formulation into the PVD statement, we have:
After integration by parts, the governing equations for the plate are obtained: (8) and in the case of free vibrations, we have:
where the fundamental nucleus K kτs uu is:
and M kτs is the fundamental nucleus for the inertial term given by:
where P k uτ are variationally consistent loads with applied pressure. For more detailed derivation and for the explicit form of the fundamental nuclei, interested readers are referred to [14, 15] . The work done by the applied non-conservative loads is:
where ∆p is the aerodynamic pressure. The static aerodynamic pressure based on first-order, high Mach number approximation to linear potential flow is given by:
where ρ a , U a , M ∞ and θ ′ are the free stream air density, velocity of air, Mach number and flow angle, respectively.
where K is the stiffness matrix, A is the aerodynamic matrix and M is the mass matrix. The eigenvalue κ = −ω 2 − g τ ω/(ρh) includes the contribution of aerodynamic damping. Equation (14) is solved for eigenvalues for a given value of λ. In the absence of aerodynamic damping, i.e., when λ = 0, the eigenvalue, ω is real and positive, since the stiffness matrix and mass matrix are symmetric and positive definite. However, the aerodynamic matrix A is unsymmetric and hence complex eigenvalues ω are expected for λ > 0. As λ increases monotonically from zero, two of these eigenvalues will approach each other and become complex conjugates. In this study, λ cr is considered to be the value of λ at which the first coalescence occurs. In the presence of aerodynamic damping, the eigenvalues κ, in Equation (14) becomes complex with increasing value of λ. The corresponding frequency can be written as:
where the subscripts R and I refer to the real and the imaginary part of the eigenvalue. The flutter boundary is reached (λ = λ cr ), when the frequency ω becomes pure imaginary number, i.e.,
In practice, the value of λ cr is determined from a plot of ω R vs λ corresponding to ω R = 0.
Element description
The plate element employed in this study is a C 0 continuous element and according to the isoparametric description, the components of each displacement unknown u τ are expressed as: (16) where N I are the standard finite element shape functions. By introducing the unified formulation for the displacements, given by Equation (16) into the strain-displacement relations (see Equation (2)), we have:
Upon substituting Equations (16) and (17) into Equations (10) and (11), we can compute the stiffness matrix K, the aerodynamic matrix A and the mass matrix M of the system. The formulation is implemented in MATLAB R and the solution to the Equation (14) is computed from a standard eigenvalue algorithm.
Shear locking. If the interpolation functions given for a QUAD-4 are used directly to interpolate the unknown displacement fields in deriving the shear strains (γ xz , γ yz ) and the membrane strains (ε pG ), the element will lock and show oscillations in the shear and the membrane stresses. The oscillations are due to the fact that the derivative functions of the out-of plane displacement do not match that of the rotations in the shear strain definition. To alleviate the locking phenomenon, the terms corresponding to the derivative of the out-of plane displacement must be consistent with the rotation terms. In this study, field redistributed shape functions are used to alleviate shear locking. The field consistency requires that the transverse shear strains and the membrane strains must be interpolated in a consistent manner. If the element has edges which are aligned with the coordinate system (x, y), the terms in shear strains (γ xz , γ yz ) are approximated by the following substitute shape functions [17] 
Note that, no special integration rule is required for evaluating the shear terms. A numerical integration based on the 2 × 2 Gaussian rule is used to evaluate all the terms.
Numerical Results
In this section, we present the critical aerodynamic pressure and the critical frequency of laminated composite plates immersed in a supersonic flow using 4-noded quadrilateral element and unified formulation. In this study, we use a hybrid displacement assumption, where the in-plane displacements u and v are expressed as sinusoidal expansion in the thickness direction, and the transverse displacement, w is quadratic in the thickness direction. We refer to this theory as SINUS-W2. The displacements are expressed as:
where u o , v o and w o are translations of a point at the middle-surface of the plate, w 2 is higher order translation, and u 1 , v 1 , u 3 and v 3 denote rotations [18] and considers a quadratic variation of the transverse displacement w allowing for throughthe-thickness deformations. Both simply supported and clamped boundary conditions are considered in this study and the influence of the flow direction is also studied. In all cases, we present the non dimensionalized critical aerodynamic pressure, λ cr and critical frequency ω cr as, unless specified otherwise:
where
is the bending rigidity of the plate, E 2 , ν are the Young's modulus and Poisson's ratio and ρ is the mass density. Before proceeding with the detailed numerical study, the formulation developed herein is validated against available results pertaining to the critical aerodynamic pressure and the critical frequency for a 5-layered laminated square plate. Table 1 presents the convergence of the first three fundamental frequencies with mesh size. A structured mesh of 30×30 is found to be adequate for this study. It can be seen that the results from the present formulation are in good agreement with those in the literature. Further numerical studies are performed with a structured quadrilateral mesh. Table 2 presents the convergence of the flutter bounds for a clamped square laminated plate with a/h = 100. The flutter bounds are computed for both the cases: without damping and with damping. It is seen that the results agree well with those in the literature. Next, the influence of the boundary conditions, the plate thickness and the direction of the flow on the flutter bounds are numerically investigated. Table 3 presents the influence of the boundary conditions and the plate thickness for a square laminated plate with the following stack up sequence [(0 • /90 • ) 2s )] immersed in a normal flow. It is seen that with increasing plate thickness, the flutter bounds decreases as expected. Also, the effect of damping is to increase the critical aerodynamic pressure and the critical frequency. The effect of the boundary conditions on the flutter bounds is also seen in Table 3 . The influence of the plate aspect ratio a/b and the flow angle θ ′ is shown in Figures 1 -2 . The flow is considered to be along the x-direction. It is seen from Figure ( (2). Increasing the flow angle, the flutter bounds, viz., the critical aerodynamic pressure λ * cr and the critical frequency ω * cr , initially increases until θ ′ = 20 • . Upon further increasing in the flow angle, the flutter bounds decreases monotonically until it reaches a minimum at θ ′ = 90 • . The flutter behaviour is symmetric with respect to the flow angle θ ′ = 90 • . 
Conclusions
The flutter characteristics of laminated composites immersed in a supersonic flow has been analyzed within the framework of unified formulation. The plate kinematics is based on sinusoidal theory and a quadratic variation of the transverse displacement through the thickness is considered. A shear flexible four noded quadrilateral plate element was used to discretize the domain and the aerodynamic force is accounted for assuming the first-order Mach number approximation potential flow theory. The results from the present formulation are in very good agreement with the results available in the literature. The influence of the plate aspect ratio and the flow angle are numerically studied. 
